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Introduction 

The general setting of this paper is inspired by the work of D. V. Alekseevsky 
and S. Marchiafava [1]. Our purpose is to develop a parallel direction including 
indefinite metrics. More precisely we combine the ordinary Hermitian metrics 
with the so-called by us skew-Hcrmitian metrics with respect to the almost 
hypercomplex structure. 

In the first section we consider an appropriate decomposition of the space of 
all bilinear forms on a vector space equipped with a hypercomplex structure. 
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Here we emphasize on a notion of the skew-Hermitian metric. In fact, we con- 
struct three skew-Hermitian metrics and one Hermitian, i.e. a pseudo-Hermitian 
structure. 

In the second we develop the notion of an almost hypcrcomplex manifold with a 
pseudo-Hermitian structure and particularly the so-called pseudo-hyper-Kiihler- 
ian and isotropic Kahler structures. 

Finally, in the third section wc equip a 4-dinicnsional Lie group with an almost 
hypcrcomplex pseudo-Hermitian structure and we characterize it geoixietrically. 

1 Hypercomplex pseudo-Hermitian structures 
on a vector space 

Let y be a real 4n-dimensional vector space. A (local) basis on V is denoted by 
{d/dx^, d/dy^, d/du^, d/dv'^^, i = 1,2,. . . ,n. Each vector x of F is represented 
in the mentioned basis as follows 

i ^ i 9 id ,: d , , 

yi = x'^-- +y'—- + u'—- +v'—-. (1) 

ox' oy' ou' ov' 

A standard hypercomplex structure on V is defined as in [8] : 

J d d J d d J d d j d d . 

T d a J o d J d d j d d . /r)\ 

"^2 Ox' — dui ' "^2 gy^ — Qyi , •J2 g.^^ — g^i , •J2 g.^^ — Qy^ , ^^j 

T d d J a d J d d j d d 

"^ dx^ dv^ ' "^ dy^ du^ ' '^ du^ dy^ ' "^ dv^ dx^ 

The following properties about Jt are direct consequences of (2) 



J? = Ji = 4 = -Id, 

J1J2 = —J2J1 = J3, J2J3 = —J3J2 = Jl, J3J1 = —J1J3 = J2- 



(3) 



li X G V, i.e. x{x^, . . . , x"; y^ , . . . , y"; u^, . . . , w"; v^ , . . . , w") then according to 
(2) and (3) we have 

Jix{-y^, ..., -y"; x\ . . . , x"; w^, . . . , w"; -u\ . . . , -u"), 
J2x{-u\ ..., -u"; -v\ ..., -u"; x\ . . . ,x'^;y\ . . . , y"), 
J3x{v\ . . . , w"; -u^, ..., -w"; y\ . . . , y"; -a;\ . . . , -a;"). 

Definition 1.1 ([*]) 1) A triple H = {Ji, J2, J3) of anticommuting complex 
structures on V with J3 = J1J2 "is called a hypercomplex structure on V ; 
2) The 3- dimensional subspace Q = (H) = RJi + IRJ2 4- MJ3 of the space of 
endomorphisms EndT^ is called a quatcrnionic structure on V . It is said that 
H = {Jo) is an admissible basis of Q. 
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Note that two admissible bases H and H' oi Q = {H) = {H') are related by an 
orthogonal matrix in SO (3). 

The matrices of Ji and J^ are given in [S] by (n x n)-sets of (4 x 4)-matrices 
Jq = diag {la, la, ■ • ■ , la), where la (a = 1, 2, 3) are respectively 



h 



/ 10 \ 
-10 
0-1 
\ 1 / 



, h 



( Q 10^ 

1 

-10 

V -1 y 



and consequently 



/ 1 \ 

0-10 

10 

\ -1 / 



The matrices Jq, of the complex structures J a (a = 1,2,3) with respect to an 
admissible frame for H = {Ja) are called standard matrices. 

A bilinear form / on 1/ is defined as ordinary, / : V y.V -^ M.. We denote by 
B{V) the set of all bilinear forms on V . Each / is a tensor of type (0, 2), and 
B{V) is a vector space of dimension IQn^. 

Let J be a given complex structure on V . A bilinear form / on 1^ is called Hermi- 
tian (respectively, skew-Hermitian) with respect to J if the identity f{Jx, Jy) = 
f{x,y) (respectively, f{Jx,Jy) = —f{x,y) holds true. 

Definition 1.2 ([1]) A bilinear form f on V is called an Hermitian bilinear 
form with respect to H ^ {Ja) if it is Hermitian with respect to any complex 
structure Ja, ot = 1,2,3, i.e. 

f{JaX,Jay) ^ f{x,y), \/x,yeV. 



We will denote by BYi{V) the set of all Hermitian bilinear forms on V . 

In [6] is introduced the notion of pseudo-Hermitian bilinear forms, namely: 

Definition 1.3 ([6]) A bilinear form f onV is called a pseudo-Hermitian bi- 
linear form with respect io H = (Ji, J2, J3), if it is Hermitian with respect to 
Ja and skew-Hermitian with respect to Jp and Jj, i.e. 

f{JaX,Jay) ^ -f{Jpx,Ji3y) ^ ~f{J-fX,J^y)^ f{x,y), \/x,yeV, (4) 

where {a,P,"f) is a circular permutation of {1,2,5). 
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Now, let us show the existence of the introduced bihnear forms on V. 

We denote f & Ba C B{V) {a = 1, 2, 3) when / satisfies the conditions (4). Let 
us remark that Bh(V^) is a subspace of the vector space B{V). The projector 
n^ : B(V) ^ Bii{V) is defined in [1] as foUows 

/^(nH/)(a;,y):=i{/(x,2/) + /( Ji.t, Jiy) 

+ fiJ2X,J2y) + f{J3X,J3y)}- (5) 

For convenience we set Ho := IIh and Bq := Bii{V). Clearly. Ho is a projector, 
i.e. n2 = Ho. 

Analogously we define the operators: 11^ : B{V) -^ Ba, a = 1, 2, 3 as follows 

f ^ (naf){x,y) := -{f{x,y) + f(JaX,Jay) 

- f{Ji3X,Ji3y) - f{J^x,J^y)}, (6) 

where (a, /?, 7) is a circular permutation of (1, 2, 3). It is not difficult to see that 

n„/eS„, a = l,2,3. 

In view of (5)-(6) the following proposition holds: 

Proposition 1.1 The vector space B(V) admits the following decomposition 
B{V) = So ©Si ©62 ©S3, S„ ^ImHa, a = 0,1, 2, 3, 

where the operators 110,111,112 and II3 are projectors with values in B{V) such 
that 

n^ = n„, no + ni + n2 + n3 = id, 

n„on^ = n^on„ = 0, a^p; a,/? e {0,1,2,3}. 

So, pseudo-Hermitian bilinear forms exist and moreover they are three types 

in any vector space V equipped with a hypercomplex structure H, denoted by 

iV,H). 

Let X determined by (1) and 

/ (^ ,i d , d ,,, d . -, „ 
y = a'—- + b'— -+€"—- +d'—-, z=l,2,...,n 
ox'' oy^ ou' av'- 

be arbitrary vectors on V. Following [9], we define as in [6] a pseudo-Euclidean 
metric of signature (2n, 2n) on 1^ by a symmetric bilinear form g as follows 

n 

g{x, y) := ^ {-x'a' - y'b' + u'c' + v'd') . 
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Hence for the local basis {d/dx^, d/dy^, d/du^, 9/9w*} , i = 1, 2,. . . , n on F we 



have for i, j S {1,2, . . 


.,n} 




/ 9 ^ ^ _ 
■^ \dx'' dxi ) 


f d d \ f d d - 




/ d d \ _ 
^\dx^'dyi) 


/ d d \ / d d \ 
\ dx'- ' dui ) ^ \ dx^ ' dv^ J 


f d d \ 


= 


f d d \ f d d \ 


= 0. 


Let us remark that if 
(2) the basis 


we denote e^ = d/dx^ {i — 1,2,. 


. . , n) then according to 



(ei,e2, . . . ,e„; Jiei, Jie2, . . ., Jie„; . . . ; Jsei, J3e2, . . . , JsCn) (7) 

is an an admissible basis of H and it is orthonornial with respect to g. 
Because of the properties 

g{Jix, Jiy) = -~g{J2x, J2y) = -g{J?.x, J^y) = g{x, y), (8) 

the pseudo-Euclidean metric g is a symmetric pseudo-Hermitian bilinear form 

and g S Bi. Moreover, gi(x,y) := g{Jix,y) = —g{Jiy,x) coincides with the 

known Kahler form with respect to Ji, i.e. $(a;,y) := gi{x,y) [G]. 

The associated bilinear forms g2{x,y) := g{J2X,y) and g^{x,y) := g{Jzx,y) of 

g are symmetric and $ G ^0,5 G Bi,g2 & Bz^gz G B2, i.e. the Kahler form 

$ is Hermitian and 5,52,33 are pseudo-Hermitian of different types, but they 

have the same signature (2n, 2n). Then the structure (if, G) := {H, 5, $, 52, 53) 

is called a hypercomplex pseudo-Hermitian structure on V [(»]. 

According to [n], the matrices that commute with J„ [a = 1, 2, 3) are A = (A^), 

i,j € {1, 2, ... , n}, where every (Aij) is a (4 x 4)-matrix of the form 



P Q\ p_{ a b\ ( c d 

-Q PI' \ -b a I' ^ [ d -c 



A,^{ \ ^ ), P={ , : ), Q={ , „ ), a,b,c,de 



The set of the Jc-commuting matrices, that are invertible, is a group which is 
isomorphic to GL(n, H). 

The pseudo-Euclidean metric g has a matrix with respect to the basis (7) of the 
form g = diag(5, 5, . . . , 5), where 

-h O2 



■^^> O2 h , 

The group preserving g is defined by the condition A^gA = g for arbitrary 
A G GL(4n,M). It is clear that the group which preserves g is 0(2n, 2n). 
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The structural group of (F, H, G) has the property to preserve the structures 
J a and the metric g (consequently $,32,53, too). Then this structural group is 
the intersection of GL(n, H) and 0(2n, 2n). We get immediately that 

Ae GL(n,H)nO(2n,2n) ^ a^ + 6^ = 1, c = d = 0. 

Therefore GL(n, IHI)nO(2ri,, 2n) is an 1-paramctrical group, i.e. the elements Aij 
of A depend on 1 real parameter. 



2 Almost (iif , G')-structures on a manifold 

Let {AI,H) be an almost hypercomplex manifold [1]. We suppose that 5 is a 
symmetric tensor field of type (0,2). If it induces a pseudo-Hermitian inner 
product in TpM, p £ M, then g is called a pseudo-Hermitian metric on M. 
The structure {H, G) :~ (Ji, J2, ^3,5, $,52,53) is called an almost hypercomplex 
pseudo-Hermitian structure on M or in short an almost {H, G)-structure on M . 
The manifold M equipped with H and G, i.e. (M, H, G), is called an almost hy- 
percomplex pseudo-Hermitian manifold, or in short an almost {H,G) -manifold. 
The structural tensors of the almost {H, G)-manifold are the three tensors of 
type (0, 3) determined by 

Fa{x,y,z) = g({\7xJa)y,z) ^ (Vxga) {y,z), a =1,2, 3, (9) 

where V is the Lcvi-Civita connection generated by 5 [G]. 

The properties of H and g imply the following properties of Fa'. 

Fi{x, y, z) = F2{x, Jzy, z) + ^3(0;, y, J2Z), 

F2{x,y,z) = F3{x,Jiy,z) + Fi{x,y,J3z), (10) 

F3{x,y,z) = Fi{x,J2y,z) - F2{x,y,Jiz); 

Fi{x,y,z) = -Fi{x,z,y) = -Fi{x, Jiy, Jiz), 

F2{x,y,z) = F2{x,z,y) = F2{x,J2y,J2z), (11) 

F3{x,y,z) = F3{x,z,y) = i^3(x, J32/, J3Z). 

Let us consider the Nijcnhuis tensors iV„ for J„ and X,Y G X{AI) given by 
NJX, Y) = [J^X, J^Y] - Ja [J^X, Y] - J„ [X, J^Y] - [X, Y] . It is well known 
that the almost hypercomplex structure -ff = (J^) is a hypercomplex structure 
if Na vanishes for each a — 1,2,3. Moreover, it is known that one almost 
hypercomplex structure H is hypercomplex if and only if two of the structures 
Ja {a = 1,2,3) are intcgrablc. This means that two of the tensors Na vanish 

Let us note that according to (8) the manifold (M, Ji, 5) is almost Hermitian and 
the manifolds (M, Jq,^), a = 2, 3, arc almost complex manifolds with Nordcn 
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metric (or B-metric) [2, 3]. The basic classes of the mentioned two types of 
manifolds for dimension An are: 

Wi(Ji): Fi{x,y,z)^~Fi{y,x,z), 
W2(Ji): ecc,y,z{Fdx,y,z)} =0, 

>V3(Ji): Fi(x,y,z) = Fi(Jix,Jiy,z), 0i = 0, (12) 

W4(Ji) : Fi{x,y,z)= 2(2n-i) {9{x,y)0i{z) - g{x,z)0i{y) 

~g{x,Jiy)di{Jiz) +g{x,Jiz)9i{Jiy)}, 

where Oi{-) = g"-^ Fi{ei,ej, ■) for an arbitrary basis {ei}J2i [■'^]! 
Wi{Ja) : Fa{x,y,z)^ :i{.g(a;, j/)6l„(z) + .g(a;, z)6'a(y) 

+gix,Jay)OaiJaZ) + g{x, JaZ)daiJay)} , /-, o\ 

>V2(Ja): 6.,j,,4F„(a;,y,J„z)}-0, 0„ = 0, ^^"^^ 

W3(Ja) : 6x,y,.{^"(-^'2^'2)} =0' 

where Oa{z) = g^'' Fa{ei, Cj, z), a ~ 2,3, for an arbitrary basis {ei}^"]^ and 6 is 

the cyclic sum by three arguments [2]. 

The special class Wo(Ja) : F^ = (a = 1,2,3) of the Kahler-type manifolds 

belongs to any other class within the corresponding classification. 

We say that an almost hypercomplex pseudo-Hermitian manifold is a pseudo- 

hyper-Kdhler manifold, if V Jq = (a = 1, 2, 3) with respect to the Levi-Civita 

connection generated by g [d]. 

Clearly, in this case we have Fq = (a = 1, 2, 3) or the manifold is Kahlerian 

with respect to Ja, i.e. (M, H, G) G VVo( Ja)- 

Immediately we obtain 

Proposition 2.1 If{M,H,G) G >Vo(Ja) fl ^0(^/3) then {M,H,G) g Wo{J-y) 
for all cyclic permutations [a, (3,^) of (1,2,3) and (M,H,G) is pseudo-hyper- 
Kdhlerian. D 

A basic property of the pseudo-hyper-Kahler manifolds is given in [(>] by the 
following 

Theorem 2.2 ([ ]) Each pseudo-hyper- Kdhler manifold is a flat pseudo-Rie- 
mannian manifold of signature [2n,2n). D 

As g is an indefinite metric, there exist isotropic vector fields X on M , i.e. 
g{X,X) = 0, X 7^ 0, X G X(M). Following [4] we define the invariants 

llVJaf = <?'^/'ff((V,J„)efe,(V,J„)eO, a = 1,2, 3, (14) 

where {ci^f^^ is an arbitrary basis of TpM, p G M. Let us remark that the 
invariant ||VJq|| is the scalar square of the (1, 2)-tensor VJ^. 
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Definition 2.1 We say that an {H,G) -manifold is: 

(i) isotropic Kdhlerian with respect to Ja if 1|VJq|| = for some a G 
{1,2,3}; 

(ii) isotropic hyper- Kdhlerian if it is isotropic Kdhlerian with respect to every 

Ja ofH. 

Clearly, if {M, H, G) is pseudo-hyper-Kahlerian, then it is an isotropic hyper- 
Kahler manifold. The inverse statement does not hold. 



3 A Lie group as a 4-diniensional (i7, G')-niani- 
fold 

In [7] is constructed an example of a 4-dimensional Lie group equipped with a 
quasi-Kahler structure and Norden metric g, i.e. it is a Ws-manifold according 
to (13). There it is characterized with respect to V of g. 

Theorem 3.1 ([7]) Let {h,J,g) be a 4-dimensional almost complex manifold 
with Norden metric, where L is a connected Lie group with a corresponding Lie 
algebra I determined by the global basis of left invariant vector fields 
{Xi, X2, X3, X4}; J is an almost complex structure defined by 

JXi ~ X3, JX2 = Xi, JX3 = —Xi, JX4 = —X2; (15) 

g is an invariant Norden metric determined by 

g{XuXi)=g{X2,X2) = -g{X^,X^) ^ -3(^4, X4) = 1, 



g(X„X,) = 0, 1^3- .g([X„X,],Xfe)+,9([X„Xfe],X,)=0. 



(16) 



Then (L, J, g) is a quasi-Kdhler manifold with Norden metric if and only if L 
belongs to the 4-po-i"ci''netric family of Lie groups determined by the conditions 

[Xi, X3] = A2X2 + X4X4, [X2, X4] = Ai^i + A3X3, 

[X2, X3,] ~ — A2X1 — A3X4, [X3, X4] = — A4X1 + A3X2, (17) 

[X4, Xi] = A1X2 + A4X3, [X2, Xi\ = — A2X3 + A1X4, 

where X, £ R (i = 1,2,3,4) and (Ai, A2, A3, A4) ^ (0,0,0,0). D 

The components of V are determined ([7]) by (17) and 



Vx,X,^-[X,,Xj] (i,j = 1,2,3,4). (18) 
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Hence the components Rijks = R{Xi,Xj,Xk,Xs) {i,j,k,s = 1,2,3,4) of the 
curvature tensor R on {h,g) are: [7] 



-^1221 — —4 {^i + ^2) I -R1331 ~ 4 (^2 — A; 



4(A? + Ai) 
-I (A? - Xi) 



! 



41 : 



(19) 



-^1441 = —4 (Aj - A4) , ^2332 = 4 (A2 - Agy , 

-R2442 = 4 (Ai - A3) , i?3443 = 4 (A3 + A4) , 

-R1341 = -R2342 = — 4A1A2, -R2132 = —^4134 = 4A1A3, 

-R123I = —^4234 = 4A1A4, ^2142 = ^^3143 = 4A2A3, 

-R1241 = —^3243 = 4A2A4, ^3123 = ^4124 = 4 A3A4, 

and the scalar curvature r on (L,g) is [7] 

r^-liM + Xl-Xl-M). (20) 

Now we introduce a hypcrcomplex structure H = (Ji, J2, J3) by the following 
way. At first, let J2 be the given almost complex structure J by (15). Secondly, 
we define an almost complex structure Ji as follows 

Ji : JiXi = X2, J1X2 = —Xi, J1X3 = —X4, J1X4 = X3. (21) 

Finally, let the almost complex structure J3 be the composition of Ji after J2, 
i.e. J3 = J1J2. 

Then the introduced structure {H, G) on L has the properties (3) and (8). Hence 
we have the following 

Theorem 3.2 The manifold (L, H, G) is an almost hypercomplex pseudo-Her- 
mitian manifold of dimension 4. D 

We continue by a characterization of the constructed manifold (L, H, G). 

Let {Fa)ijk = Fa{Xi,Xj,Xk) and {9a)i = Oa{Xi) be the components of the 
structural tensor F^ and its Lee form 6a (a = 1,2,3), respectively. The nonzero 
components of F2 are: [7] 



— (-^2)122 — —(-^2)144 — 2(^2)212 = 2(i^2)221 — 2(i^2)234 

= 2(^2)243 = 2(^2)414 = -2(F2)423 = -2(i^2)432 = 2(^2)441 = Ai, 
2(-F2)ll2 = 2(^2)121 = 2(i^2)l34 = 2(^2)143 = —(^2)211 

— —(-^2)233 = —2(^2)314 = 2(^2)323 = 2(i^2)332 = — 2(-F'2)341 = A2, 
2(-F2)214 = — 2(i^2)223 = ^2(^2)232 — 2(i^2)241 = (^2)322 

= (-^2)344 — — 2(i^2)412 ~ — 2(i^2)421 = — 2(-F2)434 = — 2(-F'2)443 = A3, 

— 2(i^2)ll4 = 2(i^2)l23 = 2(i^2)l32 = ^ 2(i^2)l41 = ^ 2(i^2)312 

= —2(^2)321 = — 2(-F2)334 = — 2(_F2)343 = (-^2)411 = (-^2)433 = A4. 



(22) 
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Then we have 02 = 0. By this way we confirm the statement in Theorem (3.1) 
that the introduced manifold in [7] is of the basic class W3 with respect to J2 
within the classification (13), i.e. 

(L,J2,5)eW3(J2). (23) 

Having in mind (16)-(18), (21) and (9), wc obtain the nonzero components of 
Fi as follows 

(^1)114 = — (-Fl)l23 = (-Fi)i32 = — (-Fl)l41 

= (-^1)213 = (^1)224 = —(-^1)231 = —(^1)242 = 2^1; 
— (-^"1)113 = —(^1)124 = (-F'Oiai = (^l)l42 

= (-^'1)214 = ^(-^1)223 = (^1)232 = ^(-^'1)241 = 2^^' 
"(^1)314 = (-^'1)323 = "(-^1)332 = (-^1)341 

= (-^"1)413 = (-^1)424 = —(-^'1)431 = ^(-^"1)442 = 2-^3; 
"(^1)313 = ^(^1)324 = (-^"1)331 = (^1)342 

= ^(^1)414 = (-^"1)423 = ^(-^"1)432 = (^1)441 = 2'^4- 



(24) 



Then we have 

(^i)i = -A4, (^1)2 — ^3, (^1)3^-^2, (^1)4 = ^1. 

Since (Ai, A2, A3, A4) ^ (0, 0, 0, 0) then the 4-dimcnsional almost Hcrmitian ma- 
nifold (L, Ji,g) is not Kahlerian and 9i ^ 0. 

The validity of the property Fx{X, Y, Z) — Fi{JiX, JiY, Z) is verified by us in 
virtue of (21) and (24). It is equivalent to the vanishing of the Nijenhuis tensor 
of Ji, i.e. A^i = 0. According to [•")] for dimension 4 we get that the considered 
manifold belongs to the basic class 'Wi{Ji) within (12), i.e. 

(L,Ji,5)eW4(Ji). (25) 

As it is known ['>] , this class contains the conformally Kahlcr manifolds of Hcr- 
mitian type. The necessary and sufficient condition a W4(Ji)-manifold to be 
locally or globally conformally Kahlerian one is the Lee form Oi to be closed or 
exact. The basic components of d^i are: 

d0i(Ai,X2) = Af + Ai, d0i(X2,A4) = d0i(X3,Xi) = A1A4 + A2A3, 

d0l(A3, A4) = -Ai - Al, d0i(Xi, A4) = d0i(X2,X3) = A1A3 - A2A4. 

Hence, 9i is not closed and therefore the constructed yV4(Ji)-manifold is not 
conformally Kahlerian. 
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Having in mind (10), (22), (24), we compute the following nonzero components 
ofFg: 

(-^3)112 = (-^"3)121 = —(-^3)134 = —(-^3)143 = —2(^3)211 = —2(^3)244 

~ (^3)413 — (^3)431 = (^3)424 = (-^3)442 = 2'*^!' 
2(-F3)l22 = 2(^3)133 = — (-^3)212 = ^(-^3)221 = (-^3)234 — (-^3)243 
— —(-^3)313 = —(-^3)331 = —(-^3)324 = —(-^3)342 = 2'^2j 
(-^3)213 — (-^3)231 = (^3)224 = (^3)242 = —(-^3)312 = —(^3)321 
= (^3)343 — (-^3)334 — —2(^3)422 = -2(i^3)433 — 2A3, 
— (-^3)113 = —(^3)124 = —(^3)131 = —(-^3)142 = 2(i^3)3ii — 2(^3)344 
= (^3)412 = (^3)421 = —(^3)434 = —(^3)443 = 2^4- 



(26) 



Hence, we establish directly that ^3 = and &i,j,k{F3)ijk = 0. Therefore we 
obtain that the considered manifold belongs to the basic class >V3(J3), i.e. 

(L,J3,g)eW3(J3). (27) 

Let us summarize the conclusions (23), (25) and (27) in the following statement. 



Theorem 3.3 The constructed ^-dimensional almost hypcrcomplex pseudo-Her- 
mitian manifold (L, H, G) on the Lie group L belongs to basic classes with respect 
to the three almost complex structures of different types as follows 

{L,H,G)eWi{Ji)nW3{J2)nW3{J3). a 

The square norm ||VJq|| of VJq for an almost complex structure Ja is defined 
in [4] by (14). Having in mind the definition Fa{X, Y, Z) = g{{VxJa) Y, Z) of 
the tensor Fa, we obtain the following equation for the square norm of VJa 

l|VJa||'-5^-'ffV(F„),fcp(FJ,,„ 

therefore 

llVJaf = ||i^af , a ==1,2, 3. (28) 

By virtue of (24), (22), (26) we receive immediately that 

-2 llVJill' = |[VJ2f = ||VJ3f = 4 (A? + a2 - A^^ - A^) . 

The last equations and Equation (20) imply 

Proposition 3.4 (i) If the manifold (L, H, G) is isotropic Kdhlerian with 
respect to some Ja {ol = 1,2,3) then it is isotropic hyper- Kdhlerian; 

(a) The manifold (L, H, G) is isotropic hyper- Kdhlerian if and only if the con- 
dition A^ + A2 — A3 — A| = holds; 
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(in) The manifold (L, H, G) is isotropic hyper- Kdhlerian if and only if it has 
zero scalar curvature r. D 

The space of unitary invariants of order 2 for a 4-dimensional Hermitian mani- 
fold is determined by the three quantities: r, r* and ||V$|[ = 2 ||(5$|| , where 
Ti* = y'^g'''RiX,,J,Xj,Xk,JiXi) [5]. 

In other words, as \\Fif = ||V$f and pif = ||(5$f we get 



Let us compute the associated scalar curvatures t* on (L, Ja, g) for a = 2, 3 by 



T-* := g''g''^RiX„Xk,JaXi,X,) [:;]. Then, using (19), we obtain 



Tj — A1A3 + A2A4, Tg — A1A4 — A2A3. 

Having in mind the definitions of the Nijenhuis tensors Na of Ja (a = 2, 3) and 
the commutators (17), we get the components Na{Xi,Xj) and after that the 
square norm of Na as follows 

\\Naf = 32 {Xl + Xl - Xl - Xl) , a = 2,3. 

It is clear, according to Proposition (3.4) that the manifold (L, H, G) is isotropic 
hyper-Kahlerian and scalar flat if and only if it has isotropic Nijenhuis tensors 
of J2 and J3. 
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